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We examine densities of several sets connected with the Fermat numbers Fm ¼
22
m þ 1: In particular, we prove that the series of reciprocals of all prime divisors of
Fermat numbers is convergent. We also show that the series of reciprocals of elite
primes is convergent. # 2002 Elsevier Science (USA)
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For any integer m50; let Fm ¼ 22m þ 1 be the mth Fermat number. It is
well known that Fm is prime for m44; but there is no other m for which Fm
is known to be prime. A lot of information about the Fermat numbers
Fm can be found in the new book [4].
Throughout this paper, we use p and q to denote prime numbers. For a
subset A of all positive integers and any real number x we let1To whom correspondence should be addressed.
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KRˇI´ZˇEK, LUCA, AND SOMER96AðxÞ :¼ A \ ½0; x:We denote by P the set of all primes for which there exists
m such that p divides Fm: By a well-known result of Goldbach (see, e.g., [4]),
any two distinct Fermat numbers are coprime. Thus, every member p 2 P
divides a unique Fermat number.
The ﬁrst question that we address in this paper concerns the convergence
of the sum of the reciprocals of P: We recall that in [4, Chap. 7], we have
shown that P is of relative asymptotic density zero as a subset of all the
prime numbers. In 1955, Golomb (see [3]) asked if the series
X
p2P
1
p
ð1Þ
is convergent. We will give a positive answer to this question. We begin with
the following upper bound on the size of the set PðxÞ:
Theorem 1.
jPðxÞj ¼ O
ﬃﬃﬃ
x
p
log x
 
as x !1: ð2Þ
From Theorem 1, we immediately derive the following corollary. Let
D be the set of all positive integers d for which there exists m such that
d divides Fm:
Corollary 1. Let l > 1
2
: Then both the series
X
p2P
1
pl
ð3Þ
and
X
d2D
1
dl
ð4Þ
are convergent.
We note that the convergence of series (3) at l ¼ 1 answers in the
afﬁrmative Golomb’s question from [3].
We recall that in [4, Chap. 7] we proved that D is of asymptotic density
zero as a subset of all positive integers, but we did not provide an upper
bound for jDðxÞj: In particular, the result from [4, Chap. 7] does not imply
the convergence of series (4). While as we will see, the convergence of (4) is a
consequence of the convergence of (3), we next give an upper bound for
jDðxÞj which independently implies the convergence of (4) for any l > 1
2
:
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jDðxÞj ¼ O
ﬃﬃﬃ
x
p
log log x
log x
 
as x !1: ð5Þ
We next give a result in a different spirit from that of Corollary 1, which in
a sense is also stronger than the convergence of series (1). For any prime
number p 2 P; let aðpÞ be the exponent to which p appears in the prime
factorization of the (unique) Fermat number Fm which is a multiple of p:
We have the following result.
Theorem 3. The series
X
p2P
aðpÞ
p
ð6Þ
is convergent.
The next question we address concerns the so-called elite primes. We shall
ﬁrst brieﬂy recall this notion. In testing whether or not a given Fermat
number Fm is prime, one usually employs Pepin’s Test (cf. [6]). This test
asserts the following:
Pepin’s Test. Let m > 0 and let a > 1 be any quadratic non-residue
modulo Fm: Then Fm is prime if and only if
aðFm1Þ=2  1ðmod FmÞ:
For the proof, see [4]. For example, the number a ¼ 3 has the property
that a is a quadratic non-residue modulo Fm for m > 0; and therefore a ¼ 3
can be used to test the primality of Fm for all m > 0: In [1], Aigner
introduced the notion of an elite prime, as being a prime number p such that
p is a quadratic non-residue modulo Fm for all but ﬁnitely many values of m:
That is, the elite primes are precisely the prime numbers p for which one can
apply Pepin’s Test with a ¼ p in order to decide the primality of Fm for all
but ﬁnitely many values of m: Aigner found only 14 elite primes below
35 106; the ﬁrst few ones being 3; 5; 7; 41; 15 361; . . . and the largest one
below 35 106 being 14 172 161: Since there are so few elite primes in a
relatively large range, Aigner asked whether the set of elite primes is inﬁnite.
While we were unable to answer this question, we can at least show that the
elite primes are really ‘‘elite’’ in the sense that there are relatively few of
them. Our exact result is the following. Let E be the set of all elite primes.
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jEðxÞj ¼ O xðlog xÞ2
 !
as x !1: ð7Þ
Since pðxÞ  Oð x
log x
Þ for x !1; it follows that E has relative density zero
as a subset of all the prime numbers. Moreover, estimate (7) above tells us
that if E happens to be inﬁnite, then there must exist a constant c such that
pn > cnðlog nÞ2 holds for all n51; where pn stands for the nth element of the
set E: In particular, from Theorem 4, we immediately get the following
corollary.
Corollary 2. The series
X
p2E
1
p
ð8Þ
is convergent.
THE PROOFS
Throughout this section, we use c1; c2; . . . to denote computable positive
constants which are absolute, and C1;C2; . . . to denote positive constants
(which are not necessarily computable).
Proof of Theorem 1. We ﬁrst recall that by the well-known Lucas’s
Theorem (see [4, Chap. 6]), if p j Fm and m52; then p  1ðmod 2mþ2Þ: For
any n50 we let
Sn ¼ fp 2 P j p ¼ 2nk þ 1 for some odd kg: ð9Þ
It is clear that the sets Sn partition P: We see that S0 ¼ |; S1 ¼ f3g; S2 ¼
f5g; S3 ¼ |; S4 ¼ f17g; S5 ¼ S6 ¼ |; S7 ¼ f641; 6 700 417g; etc. For n53; it
follows that if p 2 Sn then p j Fm for some m52; and hence, by Lucas’s
Theorem, it follows that n5m þ 2: In particular,
Y
p2Sn
p4
Yn2
m¼0
FmoFn1;
where the product on the left-hand side is equal to 1 when the set Sn is
empty. Since p52n þ 1 for all p 2 Sn; it follows that
ð2n þ 1ÞjSnjo22n1 þ 1;
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jSnjologð2
2n1 þ 1Þ
logð2n þ 1Þ o
2n1
n
: ð10Þ
In the last inequality of (10), we used the property that
logðy þ 1Þ
logðx þ 1Þo
log y
log x
holds for all y > x > 1; ð11Þ
with y ¼ 22n1 and x ¼ 2n: The fact that (11) holds is a consequence of the
property that the function logðx þ 1Þ=log x is decreasing for x > 1:
Inequality (10) now tells us that
Xn
j¼1
jSjj ¼ 2þ
Xn
j¼3
jSjjo2þ
Xn
j¼3
2j1
j
4c1
2n
n
for n53; ð12Þ
where c1 ¼ 43: Let x54 and choose n such that
2n4
ﬃﬃﬃ
x
p o2nþ1: ð13Þ
In particular, both inequalities
2n >
ﬃﬃﬃ
x
p
2
ð14Þ
and
n4c2 log xon þ 1 ð15Þ
hold with c2 ¼ 12 log 2: With this choice of n; by inequalities (12)–(15), it
follows that the number of primes p 2 P which are in some Sj for some j4n
is at most
Xn
j¼1
jSj joc1 2
n
n
oc3
ﬃﬃﬃ
x
p
log x
¼ O
ﬃﬃﬃ
x
p
log x
 
as x !1: ð16Þ
It remains to bound the cardinality of the set of those p 2 PðxÞ for which
p 2 Sj for some j > n: But in this case, p  1 ðmod 2nþ1Þ: According to a
result of Montgomery and Vaughan [5], we know that the number of primes
not exceeding x which are congruent to 1 ðmod 2nþ1Þ is
pðx; 1; 2nþ1Þo 2x
fð2nþ1Þlogðx=2nþ1Þ ¼
x
2n1 logðx=2nþ1Þ; ð17Þ
KRˇI´ZˇEK, LUCA, AND SOMER100where f is the Euler totient function. We now use inequalities (13) and (14),
to conclude that the right-hand side of (17) is bounded above by
pðx; 1; 2nþ1Þo x
2n1 logðx=2nþ1Þo
4
ﬃﬃﬃ
x
p
logð ﬃﬃﬃxp =2Þ ¼ O
ﬃﬃﬃ
x
p
log x
 
as x !1: ð18Þ
Theorem 1 follows now from (16) and (18). ]
Proof of Corollary 1. The convergence of series (3) is an immediate
consequence of Theorem 1, while the convergence of series (4) follows
from the convergence of series (3) and the following slightly more general
result.
Lemma. Let A be any set of positive integers such that any two distinct
members of A are coprime. Let DðAÞ be the set of all positive integers which
divide some member of A and let PðAÞ be the subset consisting of the prime
numbers belonging to DðAÞ: Let l > 0: Then the series
X
p2PðAÞ
1
pl
ð19Þ
and
X
d2DðAÞ
1
dl
ð20Þ
are either both convergent or both divergent.
Proof of the Lemma. It is clear that if (20) is convergent then so is (19),
because PðAÞ  DðAÞ: Assume now that series (19) is convergent. Since any
two distinct members of A are coprime, it follows that series (20) can be
rewritten as
X
d2DðAÞ
1
dl
¼ 1þ
X
a2A
a>1
X
d j a
d>1
1
dl
¼ 1þ
X
a2A
a>1
slðaÞ
al
 1
 
; ð21Þ
where for a positive integer n we wrote slðnÞ for the sum of the l-powers of
all the divisors of n: Now clearly the function slðnÞ=nl is multiplicative, and
if pt is a prime power then
slðptÞ
pt
¼
Xt
k¼0
1
pkl
o
X
k50
1
ðplÞk
¼ 1þ 1
pl  1: ð22Þ
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we infer that if n is any positive integer, then
slðnÞ
nl
o
Y
p j n
1þ 1
pl  1
 
oe
P
pjn
1
pl1: ð23Þ
For the last inequality in (23), we used the fact that 1þ xoex for all x > 0:
With (21), we now get that
X
d2DðAÞ
1
dl
o1þ
X
a2A
a>1
ðe
P
pja
1
pl1  1Þ: ð24Þ
We now notice that the series
X
p2PðAÞ
1
pl  1 ð25Þ
is convergent. Indeed, this follows from the fact that the ratio between the
general term of series (25) and the general term of series (19), i.e., the ratio
ðpl  1Þ=pl tends to 1 and series (19) is convergent. Consequently, there
exists a constant C1 such that
X
p2PðAÞ
1
pl  1oC1: ð26Þ
Let f : ½0;C1 ! ½1;1Þ be the function given by
f ðxÞ :¼
ex  1
x
for x 2 ð0;C1;
1 for x ¼ 0:
8<
: ð27Þ
The function f is certainly continuous on the closed and bounded interval
½0;C1; and therefore it is bounded. Thus, there exists a constant C2 such
that
ex  1oC2x holds for all x 2 ½0;C1: ð28Þ
Using formulae (26) and (28), we get that
e
P
p j a
1
pl1  1oC2
X
p j a
1
pl  1 ð29Þ
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fact that any two members of A are coprime, we obtain
X
d2DðAÞ
1
dl
o 1þ
X
a2A
a>1
e
P
p j a
1
pl1  1
 
o1þ C2
X
a2A
a>1
X
p j a
1
pl1
¼ 1þ C2
X
p2PðAÞ
1
pl  1o1þ C1C2; ð30Þ
which shows that (20) is convergent. The Lemma is therefore proved. ]
We now notice that the above Lemma implies that series (4) is convergent.
Indeed, this follows from the Lemma, the convergence of series (3), and
from the fact that the set A ¼ fFm jm50g satisﬁes the condition that any
two of its distinct members are coprime. ]
Proof of Theorem 2. Since x1=3 ¼ oð
ﬃﬃ
x
p
log log x
log x
Þ for x !1; it follows that
it sufﬁces to count the cardinality of the set D1ðxÞ of all members of DðxÞ
which are larger than x1=3: Let d 2 D1ðxÞ and write
d ¼ Qd1; ð31Þ
where Q is the largest prime divisor of d: Let OðdÞ stand for the total
number of prime divisors of d (including multiplicity). Obviously,
QOðd1Þþ1 ¼ QOðdÞ5d > x1=3;
and hence
Q > x
1
3ðOðd1Þþ1Þ: ð32Þ
Moreover, we have
x5d ¼ Qd1;
and therefore both inequalities
Q4
x
d1
ð33Þ
and
x
d1
5Q > x
1
3ðOðd1Þþ1Þ ð34Þ
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jPðxÞjoc1
ﬃﬃﬃ
x
p
log x
ð35Þ
holds for all x > e: The existence of the constant c1 above is guaranteed by
Theorem 1. Notice that since Q53; it follows, by (33), that x=d153 > e:
As Q 2 P; inequalities (33)–(35) tell us that
jD1ðxÞjo
X
d12Dðx=3Þ
P
x
d1
 
oc1 X
d12Dðx=3Þ
ﬃﬃﬃﬃ
x
d1
r
 1
logðx=d1Þ
o c2
ﬃﬃﬃ
x
p
log x
X
d12DðxÞ
Oðd1Þ þ 1ﬃﬃﬃﬃﬃ
d1
p ; ð36Þ
where c2 ¼ 3c1: Since ko2k=2 holds for all positive integers k > 4; it follows
that Oðd1Þ þ 1o1:1
ﬃﬃﬃ
2
p  2Oðd1Þ=2: Inequality (36) now implies that
jD1ðxÞjoc3
ﬃﬃﬃ
x
p
log x
1þ
X
d12DðxÞ
d1>1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Oðd1Þ
d1
s0BB@
1
CCA; ð37Þ
with c3 ¼
ﬃﬃﬃ
2
p
c2: We now use the fact that every number d1 2 DðxÞ divides a
unique Fermat number Fm: Notice that since d1  1 ðmod 2mþ1Þ; it follows
that for d1 2 DðxÞ and d1 > 1; we must have 2mþ1ox; hence moc4 log x;
where c4 ¼ 1=log 2: It now follows easily that (37) implies
jD1ðxÞjoc3
ﬃﬃﬃ
x
p
log x
1þ
X
moc4log x
X
d1 j Fm
1od14x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Oðd1Þ
d1
s0BB@
1
CCA: ð38Þ
Obviously, the function
gðnÞ :¼
X
d j n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2OðdÞ
d
s
; for n51 ð39Þ
is multiplicative. For every x > 1 write
gðn; xÞ :¼
X
djn
d4x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2OðdÞ
d
s
: ð40Þ
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gðn; xÞ4
Y
pajjn
p4x
gðpaÞ: ð41Þ
But clearly, for any odd number p;
gðpaÞ ¼
Xa
j¼0
2
p
 j=2
o
X1
j50
2
p
 j=2
¼ 1þ 1ﬃﬃﬃﬃﬃﬃﬃ
p=2
p  1o1þ
c5ﬃﬃﬃ
p
p : ð42Þ
Thus, for odd n and uniformly in x > 1; we have
gðn; xÞo
Y
pjn
p4x
1þ c5ﬃﬃﬃ
p
p
 
oexp c6
X
pjn
p4x
1ﬃﬃﬃ
p
p
0
BB@
1
CCA: ð43Þ
For any m50 let
hðm; xÞ :¼
X
pjFm
pox
1ﬃﬃﬃ
p
p : ð44Þ
Denote by oðFmÞ the number of different prime divisors of Fm: It is easy
to see that oðFmÞo2m=m: Indeed, this follows by noticing that since
2mþ1 þ 14p holds for all prime divisors p of Fm; one has
ð2mþ1 þ 1ÞoðFmÞ4
Y
p j Fm
p4Fm ¼ 22m þ 1:
Therefore,
oðFmÞo logð2
2m þ 1Þ
logð2mþ1 þ 1Þo
2m
m þ 1o
2m
m
: ð45Þ
By writing now all prime divisors p of Fm in the form 2
mþ1k þ 1 for some
positive integer k; we get
hðm; xÞ4
X
p j Fm
1ﬃﬃﬃ
p
p o
XoðFmÞ
k¼1
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mk þ 1p o
1
2m=2
X
14k42
m
m
1ﬃﬃﬃ
k
p
o 1
2m=2
1þ
Z 2m
m
1
dxﬃﬃﬃ
x
p
 !
¼ 1
2m=2
1þ 2 ﬃﬃﬃxp x:¼2mmx:¼1

 
o c7ﬃﬃﬃﬃ
m
p : ð46Þ
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x > 1: From inequality (43) and the arguments employed in the proof of
Corollary 1, it follows that there exists a constant c8 > 1 such that the
inequality
gðFm;xÞoexpðc6hðm; xÞÞo1þ c8hðm; xÞ ð47Þ
holds for all m50 and all x51: With (38), we get
jD1ðxÞjo c3
ﬃﬃﬃ
x
p
log x
1þ
X
moc4 log x
ðgðFm; xÞ  1Þ
 !
o c9
ﬃﬃﬃ
x
p
log x
1þ
X
moc4 log x
hðm; xÞ
 !
4 c9
ﬃﬃﬃ
x
p
log x
1þ
X
p2PðxÞ
1ﬃﬃﬃ
p
p
0
@
1
A: ð48Þ
In inequality (48), we took c9 ¼ c3c8 and for the right-most inequality
(48) we used the fact that any two Fermat numbers are coprime.
Now let 3 ¼ p1op2o   opto    be all the prime numbers in P:
Estimate (2) implies that there exists a constant c10 such that pt >
c10ðt log tÞ2 holds for all t52: In particular,
1ﬃﬃﬃﬃ
pt
p o c11
t log t
ð49Þ
is valid for all t52; where c11 ¼ 1= ﬃﬃﬃﬃﬃﬃc10p : With (49), we obviously have
X
p2PðxÞ
1ﬃﬃﬃ
p
p o 1ﬃﬃﬃ
3
p þ 1ﬃﬃﬃ
5
p þ 1ﬃﬃﬃﬃﬃ
17
p þ
X
44t4x
1ﬃﬃﬃﬃ
pt
p oc12 þ c11
X
44t4x
1
t log t
o c12 þ c11
Z x
3
dt
t log t
¼ c12 þ c11 log log t t:¼xt:¼3 ¼ c13 þ c11 log log x;
 ð50Þ
where c12 ¼ 1=
ﬃﬃﬃ
3
p þ 1= ﬃﬃﬃ5p þ 1= ﬃﬃﬃﬃﬃ17p and c13 ¼ c12  log log 3: Clearly, (48)
and (50) imply
jD1ðxÞjoc14
ﬃﬃﬃ
x
p
log log x
log x
; ð51Þ
which concludes the proof of Theorem 2. ]
KRˇI´ZˇEK, LUCA, AND SOMER106Proof of Theorem 3. For the convergence of series (6), we use the
following lower bound for a linear form in two p-adic logarithms due to
Bugeaud and Laurent [2]. In what follows, for a given prime number p and a
given non-zero integer n we use mpðnÞ to denote the exponent to which p
appears in the prime factorization of n:
Bugeaud–Laurent Theorem. Let p be a prime number, a1; a2; b1; b2 be
positive integers such that a1a2 is coprime to p and a
b1
1  ab22 a0: Let A and B
be two positive integers such that jAj5maxða1; a2Þ and B5maxðb1; b2; 2Þ; and
let g be the smallest positive integer such that a
g
1  ag2  1 ðmod pÞ: Then there
exists c1 such that
mpðab11  ab22 Þoc1
pg
ðp  1Þðlog pÞ4 ðlog AÞ
2ðlog BÞ2: ð52Þ
We use the Bugeaud–Laurent Theorem to bound aðpÞ for a given
prime p 2 P: Clearly, að3Þ ¼ 1 and að5Þ ¼ 1: Suppose now that p 2 Sn
for some n53: Then paðpÞjjFm for some m such that m4n  2: In
particular,
paðpÞ
Yn2
m50
Fm:


Consequently,
paðpÞjjð22n1  1Þ: ð53Þ
We now apply the above Bugeaud–Laurent Theorem with a1 ¼ 2; a2 ¼ 1;
b1 ¼ 2n1; b2 ¼ 1: We can obviously take A ¼ 2; B ¼ 2n1 and g ¼ 2mþ1;
where m is such that p j Fm: Thus, g42n1: Now (52) implies that
aðpÞ ¼ mpð22
n1  1Þ4 c12
n1p
ðp  1Þðlog pÞ4 ðlog 2Þ
2ðlogð2n1ÞÞ2
o c22
n1n2p
ðp  1Þðlog pÞ4; ð54Þ
where c2 ¼ c1ðlog 2Þ4: Writing p ¼ 2nk þ 1 for some k51; we get
aðpÞoc2 2
n1n2ð2nk þ 1Þ
2nkðlogð2nk þ 1ÞÞ4oc2
2nn2
ðlogð2nÞÞ4 ¼
c2
ðlog 2Þ4
2n
n2
¼ c1 2
n
n2
: ð55Þ
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X
p2P
aðpÞ
p
¼ 1
3
þ 1
5
þ
X
n53
X
p2Sn
aðpÞ
p
; ð56Þ
where Sn is deﬁned as in the proof of Theorem 1. Set also
bn :¼
X
p2Sn
aðpÞ
p
: ð57Þ
It sufﬁces to ﬁnd a good upper bound on bn: We partition the set Sn into the
following two subsets:
An :¼ fp 2 Sn j aðpÞ42n=n3g ð58Þ
and
Bn :¼ fp 2 Sn j aðpÞ > 2n=n3g: ð59Þ
Notice that, by inequality (10) and the fact that
2n1
n
o2n  2 for n53;
we have that jSnjo2n  2 for n53: Thus,
X
p2An
aðpÞ
p
4
2n
n3
X
p2Sn
1
p
4
2n
n3
X2n2
k¼0
1
2nð2k þ 1Þ þ 1o
2n
n3
1
2n
þ 1
2n
X2n1
k¼2
1
k
 !
o 2
n
n3
1
2n
þ 1
2n
Z 2n
1
dx
x
 
¼ 2
n
n3
1
2n
þ logð2
nÞ
2n
 
¼ 1
n3
þ log 2
n2
: ð60Þ
We now notice that Bn does not contain too many elements. Indeed, since
Y
p2Bn
paðpÞ
Yn2
m¼0
Fm;

we get that Y
p2Bn
paðpÞoFn1:
Therefore, X
p2Bn
aðpÞlog polog Fn1:
KRˇI´ZˇEK, LUCA, AND SOMER108Since p52n þ 1 and aðpÞ > 2n=n3 for all p 2 Bn; we ﬁnd that
2n logð2n þ 1Þ
n3
jBnjologð22n1 þ 1Þ;
or equivalently
jBnjologð2
2n1 þ 1Þ
logð2n þ 1Þ
n3
2n
o2
n1
n
n3
2n
on
2
2
on2  1: ð61Þ
In the above inequality, we applied again inequality (11) with y ¼ 22n1 and
x ¼ 2n: Hence, by (55) and (61), we obtain
X
p2Bn
aðpÞ
p
o c12
n
n2
X
p2Bn
1
p
4
c12
n
n2
Xn22
k¼0
1
2nð2k þ 1Þ þ 1
o c12
n
n2
1
2n
þ 1
2n
Xn21
k¼2
1
k
 !
oc12
n
n2
1
2n
þ 1
2n
Z n2
1
dx
x
 !
¼ c12
n
n2
1
2n
þ logðn
2Þ
2n
 
¼ c1
n2
þ 2c1 log n
n2
: ð62Þ
Combining (60) and (62), we get
bno
1
n3
þ c1 þ log 2þ 2c1log n
n2
; ð63Þ
and now it obvious that
X
p2P
aðpÞ
p
¼ 1
3
þ 1
5
þ
X
n53
bn
is convergent. ]
Proof of Theorem 4. We start with a large positive real number x and we
count how many primes p4x can be elite. We may assume that p5
ﬃﬃﬃ
x
p
because there are only oð ﬃﬃﬃxp Þ ¼ Oð xðlog xÞ2Þ primes which are below ﬃﬃﬃxp : For
such a prime p5
ﬃﬃﬃ
x
p
write
p  1 ¼ 2ep kp; ð64Þ
where ep51 and kp is odd. Let c1 ¼ 1log 2 and c2 > 0 be an absolute constant
to be ﬁxed later. We now notice that but for Oð xðlog xÞ2Þ primes p4x the
inequality
epoc1 log log x  c2 ð65Þ
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 c2c and assume that p is such that ep5t:
In particular, p is a prime number which is congruent to 1 mod 2t: By the
result of Montgomery and Vaughan [5], the number of such primes not
exceeding x is
pðx; 1; 2tÞo 2x
2t1 logðx=2tÞ: ð66Þ
Notice that ﬃﬃﬃ
x
p
> 2t ð67Þ
is valid for x > c3 ¼ ee: Indeed, (67) certainly holds if
log x
2
> c1 log log x  c2;
which is clearly satisﬁed when x > c3: In particular, x=2
t >
ﬃﬃﬃ
x
p
for x > c3
and now inequality (66) tells us that
pðx; 1; 2tÞo 16x
2tþ1log x
4
2c2þ4x
ðlog xÞ2 ¼ O
x
ðlog xÞ2
 !
as x !1: ð68Þ
From now on, we look at an elite prime p with p4x and epot: We now
notice that for such p;
kp ¼ p  1
2ep
>
p  1
2t
>
c4
ﬃﬃﬃ
x
p
log x
> x1=3 for x > c5: ð69Þ
In inequality (69), we can take c4 ¼ 2c21 and c5 > c3: We now denote by fp
the multiplicative order of 2 mod kp: That is, fp is the smallest positive
integer for which kp j ð2fp  1Þ: In particular, from inequality (69), it follows
that
2fp > kp > x
1=3:
Hence,
fp > c6 log x; ð70Þ
where c6 ¼ 13 log 2:
So far, we did not say anything about the Fermat numbers Fm: We now
bring them into the game by noticing that the sequence fFmgm50 is periodic
modulo p for m5ep with period fp: Indeed, notice that
Fm  Fmþfp ðmod pÞ for m5ep ð71Þ
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22
mð2fp1Þ  1 ðmod pÞ: ð72Þ
Since m5ep and kp j ð2fp  1Þ; it follows that ðp  1Þ j 2mð2fp  1Þ; and thus
the fact that (72) holds follows from Fermat’s Little Theorem.
Now, by (71), we ﬁnd that p is an elite prime if and only if Fm is a
quadratic non-residue modulo p for any m5ep: Indeed, since Fm is
congruent to 1 mod 4 for all m51; it follows, by the law of quadratic
reciprocity, that
Fm
p
 
¼ p
Fm
 
holds for all m51:
Here, for two integers a and b with b > 1 odd we use ða
b
Þ to denote the Jacobi
symbol of a with respect to b:
Thus, p is a quadratic non-residue modulo Fm if and only if Fm is a
quadratic non-residue modulo p: Now if there is an m5ep51 such that Fm
is a quadratic residue modulo p; then by (71) it follows that there are
inﬁnitely many of them. Therefore, p is a quadratic residue modulo inﬁnitely
many Fermat numbers, contradicting the fact that p is elite. Since epot; it
follows, in particular, that
Ft;Ftþ1; . . . ;F2t ð73Þ
are all quadratic non-residues modulo p: Notice that the numbers appearing
in list (73) are independent of the number p (they depend only on x). We
now notice that
Yt
i¼0
Ftþiox1=3 ð74Þ
for x > c7: Indeed
Yt
i¼0
Ftþio
Y2t
i¼0
Fio22
tþ1
;
and the inequality
22
tþ1ox1=3
is equivalent to
ðt þ 1Þlog 2þ log log 2olog log x  log 3;
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ðc1 log log x  c2 þ 1Þlog 2olog log x  log 3 log log 2;
which is equivalent to
c2 log 2 > log 2þ log 3þ log log 2: ð75Þ
Thus, if we choose c2 such that (75) holds, it follows that (73) holds as well.
In particular, all the numbers from list (73) are smaller than p; hence, any
two of them are incongruent modulo p: For i ¼ 0; 1; . . . ; t put
Ftþi ¼ SiU2i ; ð76Þ
where Si is square free. It is well-known that no Fermat number is a perfect
square. Therefore Si > 1 for all i ¼ 0; 1; . . . ; t; and since any two Fermat
numbers are coprime, it follows that any two of the numbers Si are coprime
as well. The condition that all numbers in list (73) are quadratic non-
residues modulo p is equivalent to the fact that
Si
p
 
¼ 1 for i ¼ 0; 1; . . . ; t: ð77Þ
Since every prime divisor of Fm is congruent to 1 mod 4 for any m51; it
follows that Si is congruent to 1 mod 4: Therefore, (77) is equivalent to
p
Si
 
¼ 1 for i ¼ 0; 1; . . . ; t: ð78Þ
For a ﬁxed i; relation (78), the fact that Si is square free, and the fact that for
any odd prime number q there are precisely ðq  1Þ=2 quadratic residues
modulo q; along with the Chinese Remainder Theorem, together imply that
out of all fðSiÞ arithmetical progressions of the form a ðmod SiÞ with a
running through all positive integers smaller than Si and coprime to Si;
p can belong to precisely fðSiÞ=2 of those. That is, there is a subset Ai of
cardinality fðSiÞ=2 of the set of all the positive integers smaller than Si and
coprime to Si; such that if p satisﬁes relation (78) for i; then p  a ðmod SiÞ
for some a 2 Ai: Now let T ¼
Qt
i¼0 Si: Using the Chinese Remainder
Theorem again (because any two of the Si are coprime), it follows that there
are exactly
Yt
i¼0
fðSiÞ
2
¼ fðTÞ
2tþ1
ð79Þ
KRˇI´ZˇEK, LUCA, AND SOMER112residue classes modulo T which are coprime to T and which can contain the
prime number p: However, by the result of Montgomery and Vaughan, for a
ﬁxed congruence class modulo T which is coprime to T ; the number of
primes up to x in this congruence class is at most
2x
fðTÞlog ðx=TÞ: ð80Þ
Since by (74)
T ¼
Yt
i¼0
Si4
Yt
i¼0
Fkþiox1=3;
we get that x=T > x2=3: Hence, the number of primes up to x in a ﬁxed
residue class modulo T does not exceed
3x
fðTÞlog x: ð81Þ
Since we have precisely fðTÞ=2tþ1 such congruence classes modulo T which
can contain p; it follows that the totality of such p does not exceed
fðTÞ
2tþ1
3x
fðTÞlog x ¼
3x
2tþ1log x
¼ O xðlog xÞ2
 !
as x !1: ð82Þ
Theorem 4 is therefore proved. ]
As we have said previously, Corollary 2 is an immediate consequence of
Theorem 4.
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